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A study is made of steady-state flow in a power-law system in the presence of double shear 
caused by spiral motion of a circular cylinder. 

The flow of non-Newtonian systems under pure shear has been studied comparatively well. A num- 
ber ofpapersaredevotedto an experimental [i] and theoretical [2, 3] investigation of the flow of anomalously 
viscous systems subject to the Schwedow-Bingham equation for the effect of two pure shears. 

Let us examine a flow with double shear of non-Newtonian systems described by the Ostwald de Vallee 
[4] equation. Gutkin [2] solved the problem for a viscoplastic system in such a formulation. 

Let the fluid flow in the gap between coaxial cylinders be caused by the uniform spiral motion of the 
inner circular cylinder. We consider the cylinder to be sufficiently long, and the medium along the cylinder 
axis to be infinite. Let v 0 denote the translational velocity of the cylinder, and w 0 the angular velocity. As- 
signing co 0 and v 0 is equivalent to assigning the rotational moment M and the axial force F. The flow of the 
medium is caused by the cylinder motion, hence, there is no pressure gradient along the cylinder axis. 

The rheological equation of state of the system in tensor form is 

/7o = 2kh?-lcl)o �9 (1) 

L e t  us  s o l v e  the  p r o b l e m  in a c y l i n d r i c a l  r ;  z;  r c o o r d i n a t e  s y s t e m .  The  v e l o c i t y  c o m p o n e n t s  v ~  and 
v z depend  on ly  on r ,  and  t h e r e  i s  no Vr. The  z a x i s  i s  d i r e c t e d  a l o n g  the  c y l i n d e r  a x i s .  

Neglecting inertial and mass forces, the Cauchy equilibrium equations can be written as 

1 d 
- -  - - -  (r2p,.~) = O, 

r ~ dr 

1 d 

r dr 

The continuity equation is satisfied identically. 
different from zero are: 

where 

(2) 

-- -- (rp~,) = o .  (3) 

In conformity with (i), the stress-tensor components 

dto 
p,~ = kh '~-V  - -  , (4) 

dr 

Pz~ = khn-1  dr_& , (5) 
dr 

It must be kept in mind that 

-dr § dr ] (6) 

d(~) dv z 
d~-<O; Trr <0; h>O. 

In the absence of slip on the boundary with the solid wall the boundary conditions are 
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I n t e g r a t i n g  (2) a n d  (3) we ob t a in  

w h e r e  C l and  C 2 a r e  c o n s t a n t s  of i n t e g r a t i o n .  

w h e r e  

F o r m u l a  (6) c a n  b e  w r i t t e n  a s  

Subs t i t u t ing  (11) in to  (9) w e  o b t a i n  

fOI  Y = Yl Ur ~ YlO)O, Uz ~ UO; 

for r = r  2 - w - - O ,  vz=O.  

p ~ r  C1 , (7)  
r 2 

pzr= c-----t', (s) 
r 

We o b t a i n  f r o m  (7), (8) and  (4), (5) by the  Gutk in  m e t h o d  [2] 

khn-lr  _dr~ _ C1 
dr r ~ , (9) 

dv z _ = ctrZ alto , (10) 
dr dr 

C2 
C, 

I d ~  V h = r -~-r 1 + a2r2 . (11) 

I 

&o C 1 ,  ~- _n+__? l-~ 
. . . . . .  dr - ~ - )  r n (1 + a2r ~) 2 . .  ( 1 2 )  

Subs t i t u t i ng  (12) into (10) r e s u l t s  in  the  equa t ion  

! 

- = a r ~ -  (1 + cdr 2) 2-~. (13) 
dr 

T h e  r i g h t  s i d e s  of  (12), (13) a r e  b i n o m i a l  d i f f e r e n t i a l s .  Both  equa t ions  a r e  i n t e g r a t e d  in  f in i te  f o r m  for  

the  v a l u e s  

1 
n = . - - ,  where l== 1, 2, 3, . . : .  

l 

A f t e r  s e p a r a t i o n  o f  v a r i a b l e s  by  the  s u b s t i t u t i o n  x = ~ 1 + a2r  2 , equa t ions  (12) and  (13) a r e  r e d u c e d ,  r e s p e c -  

t i v e l y ,  to 

I 

( x ~ -  1) t+l + C~, (14)  

1 

Vz --= ( C 1  ~ cz,t- 1 C x'dx (15) 
\ k I '3  ( x ~ - l )  t + C v  

w h e r e  

C~ F 

C1 M 

The  i n t e g r a t i o n  c o n s t a n t s  C 3 and C 4 a r e  d e t e r m i n e d  f r o m  the cond i t i on  tha t  o) = 0 and  Vz = 0 for  r = r 2. F o r  
t he  c a s e  of  c y l i n d e r  m o t i o n  in  a n  in f in i t e  f lu id ,  the  f low zone  i s  t h e o r e t i c a l l y  e x t e n d e d  an  in f in i t e  d i s t a n c e  
f r o m  the  c y l i n d e r  a x i s ,  h e n c e ,  C 3 and C 4 a r e  d e t e r m i n e d  f r o m  the  c o n d i t i o n  tha t  o~ = 0 and v z = 0 f o r  r = co. 
R e c u r s i o n  f o r m u l a s  can  be  ob t a ined  to e v a l u a t e  the  i n t e g r a l s  in  (14) and  (15). L e t  us  i n t r o d u c e  the  no ta t ion :  

I t =  ~ xldx and jt  _ ~ xtdx 
(x 2 - -  1) t (X 2 - -  l ) t + i  " 
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I n t e g r a t i n g  I 1 and  J l  by  p a r t s ,  we  o b t a i n  

xl+ l 

Jz = (1 + l)(x ~ 1) l+1 + 21t+~' 

x l+1 21 I 21 j 
h = (l + O ( x ' -  t)~ + ~ ' + ~ z. 

(16) 

(17) 

F r o m  (16) we  ob t a in  

- -  x m 1 Iv 
, t + ,  = 2 ( 1  - ] - / ) ( x ' - -  1) z+' + 2- 

(1 s) 

A n a l o g o u s l y  f r o m  (17) we  have  

x m 1 -  1 
Jt  - -  - -  I t .  

2l (x ~ - -  1) l 21 (19) 

T h e  i n t e g r a l s  can  be  e v a l u a t e d  d i r e c t l y  fo r  l = 1, 2. 

F i n a l l y ,  we  have  for  l = 1,  2,  3 . . . .  

~ (r) = - -  ( C =~- ) ~214 + C,, 

v,,(r) ( C--A-~ )'cz"-'I,+C,. 

(20) 

(21) 

F o r  o t h e r  v a l u e s  of  n ~ 1/ l ,  w e  e v a l u a t e  the  i n t e g r a l s  in  ( i 2 ) ,  (13) a p p r o x i m a t e l y .  L e t  us  r e p r e s e n t  the  
i n t e g r a n d s  a s  p o w e r  s e r i e s  wh ich  c o n v e r g e  fo r  I ~ r  I < 1 

- -  t l - - 2  n+_2 l - - n  n+2 1 - -  n - -  
r " (1  + ~ r  ~) 2n = r  n + .  , a2 r 

2n 

4 (1 - -  n) (1 - -  3n) 3 n - - 2  (I - -  n) (l - -  3n) (1 - -  5n) 5"---3 

2! (2n) 2 3! (2n) ~ 

A n  a n a l o g o u s  s e r i e s  i s  ob ta ined  fo r  the  i n t e g r a n d  of (13), on ly  the  exponen t s  of the  v a r i a b l e  wi l l  be  two un i t s  
g r e a t e r .  

T h e  s e r i e s  o b t a i n e d  can  be  i n t e g r a t e d  t e r m  by  t e r m  fo r  v a l u e s  r < M / F ,  i . e . ,  when  the gap b e t w e e n  
the  c o a x i a l  c y l i n d e r s  i s n o t  v e r y  g r e a t  and  the  r a d i u s  of the  i n n e r  c y l i n d e r  i s  s m a l l .  A f t e r  s u b s t i t u t i n g  the  
s e r i e s  o b t a i n e d  into (12), (13) and  i n t e g r a t i n g ,  we  o b t a i n  f o r m u l a s  for  the a n g u l a r  and  t r a n s l a t i o n a l  v e l o c -  
i t i e s  of  the  f lu id  

l 

~ o = -  fl(r, n , ~ ) +  3, 

1 

! 
T h e  i n t e g r a t i o n  c o n s t a n t s  C~ and  C 4 a r e  d e t e r m i n e d  f r o m  the  b o u n d a r y  c o n d i t i o n s .  

Let us examine particular cases. 

I. If we set c~ = 0 in (12), (13), which corresponds to no axial force F, we then obtain from (12) 
I 

(22) 

I t  fo l lows  f r o m  (13) tha t  Vz = 0. S ince  the  s h e a r  g r a d i e n t  i s  
l 

+ = , - - < 0  and+= dr 
then  we  ob t a in  C 1 = M/27r  f r o m  (22), w h e r e  M is  a g iven  t o r q u e .  

557 



In tegra t ing  (22) and de te rmin ing  the in tegrat ion cons tant  f rom the boundary condit ions,  we obtain the 
fundamental  equation (11.2.12) [5] for  a coaxial ly  cyl indr ical  v i s c o s i m e t e r  

1 2 2 

2. F o r  r z = ~ we obtain the torque f rom (23) which m u s t  be applied to a cyl inder  so that i t  would 
ro ta te  un i formly  in an infinite fluid 

If  we put  n = 1; k = #, then we obtain the known re la t ions  for  a Newtonian flt~id. 

N O T A T I O N  

II 0 is the s t r e s s  t ensor  devia tor ;  
r is the s t r a i n  r a t e  t ensor  devia tor ;  
M is  the torque;  
F is the axial  fo rce ;  
co is the angular  veloci ty;  
v z is  the t rans la t iona l  velocity;  
n is the index of non-Newtonian fluid behavior ;  
k is the m e a s u r e  of  s y s t e m  cons is tency;  
7 is the shea r  veloci ty;  
v ~  is the ro ta t ional  veloci ty;  
w 0 is the angula r  veloci ty of cyl inder ;  
r l  is the rad ius  of inner cy l inder ;  
r 2 is  the rad ius  of outer  cy l inder ;  
v 0 is  the t rans la t ional  veloci ty  of cy l inder ;  
h is  the s t r a i n  r a t e  intensity.  

11 
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